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Abstract
Algorithms are the key concepts of computer science. Classical computer science provides a vast body of
concepts and techniques which may be reused to great effect in quantum computing. Many of the triumphs of
quantum computing have come by combining existing ideas from computer science with the ideas from
quantum mechanics. The problem of determining quantum query complexity for obtaining the Center of a
graph is considered both in a classical system and in a quantum system.
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1. Introduction
Query complexity of a problem is the minimum number of queries required to the graph for solving
the problem [1]. The problem of computing center of a graph is considered both in a classical system and in a
quantum system. Quantum query complexity to determine Radius of a Graph has been considered in [7].
Before formulating the algorithms, some of the basic concepts related to quantum computing and graph theory
are considered.
1.1 Quantum Computing
Algorithms are recipes that tell a computer how to go about solving a particular problem quickly. In
the last decade, two powerful algorithms have been discovered for quantum computing – algorithms for
factorization and those for searching unsorted databases [2]. The factorization algorithm [3] discovered by
Peter Shor in 1994 has triggered much of today’s excitement in quantum computing and is often called the first
“killer application” of quantum computing [4]. The searching algorithm was invented by Lov Grover in 1996.

Manjula Gandhi. S

et al

Page 1

Vol.2 Issue 8, Pg.: 1-7

INTERNATIONAL JOURNAL OF RESEARCH IN COMPUTER APPLICATIONS AND ROBOTICS
www.ijrcar.com

August 2014

1.2 Qubit
In a quantum computer, the fundamental unit of information called a quantum bit or qubit [5] is not
binary but quaternary in nature. A qubit can exist not only in a state corresponding to the logical state 0 or 1 as
in a classical bit, but also in states corresponding to a blend or superposition of these classical states. The two
possible states for a qubit are 0 and 1 which correspond to the states 0 and 1 for a classical bit. A qubit can
also be in a linear combination or superposition of the two states
2
2
that     1 , where α and β are complex numbers [6].
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1.3 Graph Theory
Let G be a graph with V vertices and E edges. Distance between two vertexes u and v in G, denoted
by D (u, v) is the length of a shortest u-v path. If there is no path connecting u and v, then D (u, v) is infinite
[7].
Eccentricity
For each v ε V, the eccentricity of v, denoted by E (v), is defined by equation (1)
ev  max d u, v : u V , u  v.

(1)

Radius
The radius of G, denoted by rad G is defined by equation (2)
rad G  min ev  : v V .

(2)

Center
The center of a graph G, denoted by C(G) is defined by equation (3).
C(G)  {u V | e(u)  rad G} .

(3)

Center of a graph is the solution of ‘Emergency facility local problem’, which is defined to be all the nodes
whose radius is same as the eccentricity.
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Fig. 1: A Sample Graph
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Table 1: Showing shortest distance and eccentricity
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Table 1 depicts the shortest distance and eccentricity of the graph in figure 1. The shortest distance (D) from
each node to all other nodes is found. Then eccentricity (E) of each node is the maximum of the shortest
distance from that node to all other nodes. Radius of the graph is the minimum of all the eccentricities; hence
radius of the graph in Figure 1 is 2. A node whose eccentricity is same as the graph radius is said to be the
graph center. Hence, node v6 is the center of the given graph.

2. Classical Algorithm for Computing Graph Center
Let G = (V, E) be a directed graph with n vertices. The graph is represented by its cost matrix
c[1:n][1:n]. dist[vi, j], 1 ≤ i ≤ n, 1 ≤ j ≤ n is set to the length of the shortest path from vertex vi to vertex j in G.
The problem is to determine the shortest path from all nodes to reach all other nodes. S is an one dimensional
array of size n. E is a one dimensional array of size n to store the eccentricity. GR is a variable for storing
graph radius. Algorithm to compute center of any graph in a classical system is depicted in Figure 2, the
algorithm uses Dijkstra’s algorithm [8] to find all pairs shortest paths as a subroutine inside it.
Step 1: for i 1 to n

// Find all pairs shortest paths & eccentricity for each node

 vi , dist vi , vi   0
Step 1.b: for v  V  S do
Step 1.b.1: dist ( vi , v )  c( vi , v )
Step 1.a: S

//Choose a vertex

vi

while S  V do
//To find shortest distance from vi to other nodes
Step 1.c.1: find w  V  S  such that dist v i , w is minimum
//Search a node whose distance from vi is the minimum
Step 1.c.2: S  S  w
//Add that node to S
Step 1.c.3: for v  V  S do
//Update distance for all other nodes
Step 1.c:

Step 1.c.3.a: distvi , v   mindist(vi , v), dist(vi , w)  c( w, v) 
Step 1.d: ECC[vi ] 

dist (vi ,1)
// Determine Graph Eccentricity for vi
Step 1.d.1: for j varying from 2 to n
Step 1.d.1.a: if ECC[v i ]  dist ( vi , j )  then ECC[v i ]  dist ( v i , j )
Step 2:

GR  ECC[v1 ]

//Determine Graph Radius
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Step 3: for i  2 to n
Step 3.a: if ECC [v i ]  GR then GR  ECC [v i ]
Step 4: for i  1 to n
Step 4.a: if

GR  ECC[vi ] print vi

//Determine Graph Center
Fig. 2: Classical Algorithm

2.1 Runtime Analysis - classical algorithm
The classical cost of the search in line (1.c.1) is n-i and the cost of updating in line (1.c.3) is

n-i-1. Therefore

n

the total cost is

 2n  2i  1  n .
2

i 0

This has to be run for all n vertices. Hence the classical cost for determining the all pairs shortest path is O(n3).
The cost of determining graph center in step (3) is O(n). Hence the time complexity for determining graph
center in a classical system is O(n3).

3. Quantum Algorithm for Computing Graph Center
The quantum algorithm formulated here uses the quantum minimum finding algorithm [9] and quantum
maximum finding algorithm inside it and the main idea is, the classical update cost per iteration is replaced
with a larger quantum search cost [10].
Let G = (V, E) be a directed graph with n vertices. The graph is represented by its cost adjacency
matrix c[1:n][1:n]. dist [vi ,j], 1 ≤ i ≤ n, 1 ≤ j ≤ n is set to the length of the shortest path from vertex vi to vertex
j in G. The problem is to determine the shortest path from all nodes to reach all other nodes. S and T are two
one dimensional arrays of size n. ECC is a one dimensional array on size n to store the eccentricity. GR is a
variable for storing graph radius. Algorithm to compute center of any graph in a Quantum system is depicted in
Figure 3.

Step 1: for i 1 to n

// Find all pairs Shortest paths

S  vi  T  vi  dist vi , vi   0
Step 1.b: for w  V  S do
Step 1.b.1: dist ( vi , w)  c( vi , w)
Step 1.c: while S  V do
Step 1.c.1: find u, w  T  V  S  such that dist (vi , u )  c(u, w) is Minimal
Step 1.a:

find v  V  S such that dist (vi , v ) is Minimum
Step 1.c.3: if dist v i , u   cu , w  dist v i , v 
Step 1.c.3.a: S  S  w, T  T  w, dist v i , w   dist v i , u   cu , w
Step 1.c.4: if dist v i , u   cu , w  dist vi , v  then
Step 1.c.4.a: S  S  v, T  T  v
Step 1.c.5: if T  k then do
Step 1.c.5.a: for w  V  S do
//Update distance
Step 1.c.5.a.1: find u  T such that dist v i , u   cu , w is Minimum
Step 1.c.5.a.2: if dist v i , u   cu , w  dist v i , w then
Step 1.c5.a.2.1: dist v i , w  dist vi , u   cu , w
Step 1.c.5.b: T  vi 
Step 1.c.2:
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ECC[vi ] over all j varying from 1 to n
in dist ( v i , j ) // Determine Graph Eccentricity for each vi
Step 2: Apply quantum minimum finding algorithm to find graph radius GR over all i varying from 1 to n in
ECC[vi ]
//Determine Graph Radius
Step 3: for i varying from 1 to n if (GR== ECC[vi ] ) print vi
// Graph Center
Step 1.d: Apply quantum maxima finding algorithm to find

Fig. 3: Quantum Algorithm

The classical algorithm has a search procedure and then an update procedure. The update procedure is done in
all the iterations. Whereas in the quantum algorithm, instead of updating every time the distances of other
nodes that are reachable from the newly selected node, the distance is updated only after k iterations of the
search procedure, where k is a parameter to the algorithm which is chosen such that it divides the total number
of vertices n exactly.
A set T is used in addition to S. Every time when a new node is chosen, it is added to both S and T. When the
number of nodes in T becomes equal to k, update procedure is called. Then T is reset back to vi, this is done
because there is always the possibility of going directly from vi to any other node. Repeating this process for all
nodes, distance between all pairs of the nodes is calculated. To obtain eccentricity of a node, quantum
maximum finding algorithm is used. Then applying quantum minimum finding algorithm to the eccentricities
of the nodes of the graph, center of the graph can be found.
3.1 Runtime Analysis - quantum algorithm
To analyze the work for the ith iteration in step 1.c, let i = hk + j with 1 ≤ j ≤ k so that the size of the set T on
the ith iteration is j. It is assumed that k divides n exactly.
The search for the minimum in step (1.c.1) is over a set of size j (n - i), so the total work over all iteration of
step (1.c.1) in classical case is
n
1
k
k

n 1
k
k

 j (n  hk  j )    x(n  yk  x)dxdy
h  0 j 1

y  0 x 1

 

  kn 2 .

(4)

Whereas in the quantum case,
n
1
k
k

n 1
k
k



j (n  hk  j ) 

h  0 j 1

 

x(n  yk  x) dxdy

y  0 x 1





  k 1 2 n3 2 .
(5)
The update cost in step (1.c.5.a) requires n-i searches for the minimum, over a set of size k each time and this is
done only when i is divisible by k.
Therefore the entire cost of the update procedure in step (1.c.5) over all the iterations of the algorithm in the
classical case is
n

n
k

k

 (n  kh)k   (n  kx)kdx
h 1

x 1

 

  n2 .

(6)

Whereas in the quantum case,
n

n
k

k

 (n  kh)
h 1

k 

 (n  kx)

k dx

x 1

1
  k 2 n 2  .



(7)

The total work of the algorithm in step (1.c) in classical case is maxkn , n   n 
Which is minimized by taking k = 1 and therefore the total work factor in a classical system is O(n2).
In Quantum case, the total work in line (1.c) is just the maximum of the work in lines (1.c.1) and (1.c.5).
Hence, the total work is max ((O(k1/2n3/2), O(k-1/2n2)) and to minimize this, the parameter k should be chosen to
make these two work factors the same.
2
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Setting k1/2n3/2 = k-1/2n2, gives k = n1/2and therefore the total work factor for the step 1.c in a quantum system is
O(n7/4).
Step (1.c) is repeated for all values of n. Hence time complexity is O(n7/4n). To determine graph eccentricity
quantum maximum finding algorithm is used which takes O(√n) in step 1.d. In step 2, to obtain Graph Radius,
Quantum minimum finding algorithm is used which takes O(√n).
Hence the overall time complexity for determining the center of a graph in quantum case is O(n11/4), which is
indeed an improvement over the classical work factor of O(n3). The algorithm finds all centers of the graph
with no additional cost.

4. Conclusion
Most of the classical algorithms can have their quantum analogues just like the graph center
algorithm. But often they will involve some nontrivial modifications, to make optimal use of the few tools
currently available in the quantum tool box.
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